
Nrm, Di$Ferentict-ki on-

' In{ocpolatc using Lorgr>age ittergotznk

' (n*r) poirrts Xo, X, ,.., r xrv

' Dgnve a. (n+t) g| .Brrntrtd r OCh")
h-= {*, - Xi

' Uns{able

d'/ak=J(v,*)

N,rm. lntegrat;ort/

'[icpezo: d

Sirrrpson's

S t aure
nb
J ^ J(x)dx

/ Cr,,,.1. T.crpezo;o 0(tr")

I co-p. Si-ptor,'s O(h\)

.f (x;)
ts
L noa"s

a3 4, z b, g(ot) = d

Ini*lat coad;tiort

a

a

rul c

Cft,.S Initia.( Vatue- ?.obterns (tVP)gor oDEs

5.1 - lV P ,, wett - Pase"lnecs

De€, An tVP is oF {he f,o,rrt

fx) o'/a* 
= 2y + e-t + Y'/+

hrs+ qr.restoqs +o a\t( besoc€ doing an lV P (solring )
l) Does I.V.? hzve a soruti6^? €xistence
2) Is 'this Sotu*rdn, un;quc ? Uniqueness

3) .as +he solu*ion STABLE ? Sta b, t; +v

Oheckng c hzngc oF Pos l'tron ; i\ i't voratit e?

Srnart per terba{ron oF the initiat conditi an,

o.nl /0, {he eguation- inpry srrra(t

gert urba{tor1 o[ solutio^-

.aci,r" 
?

wei0\F

cl ved r45 6,
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IR.3

Section 5.1 cont/ d

Ltow do ule a6sute €xistenre , Uni gucoelt t lnd StzUittty ?

ItO,^l -l,o ensure ure(r - gocedness ot the IVE

DS-tg-lg: Lipschite,s co^di tiorl

-f (+, g) fcti s.$es 4
V (+, v,) , (t, y.)
I Sf r, yr) - J c*, y.)

Lipschitz eonste n !

Intcr prc t o.fion I

9r '92

Codrl.rg ex"rn t netr.od

/[i dte.rn - Cn. 3 - rt ,

.\'%nl

bsca-oa: a.S S 6

oet oF 3
I h. wcittec test

P?rttrlt deavcr,t,Ve of J rrr;th re! Pect -to y

Srnoollv v"rtc,*ran of 
-f 

a/ rer?ec+ +q j

C(D), D, f f*,r) / a€{3br 96
dornei,r.

L;p schi'tz- condi*ton iF

in thc domzi.1, oF -F

t

\= 
L

OR

l+ s a*is$es or

+ *he tvP
Lipsctr, t a condi*iorr,

is qre(\ -p oSe-d
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-Iheorern: ( Lips.hitz Condi+io) lL.F J ls definec{ o^ a co^vex

Set

t-t

+
+

there slists

t s ati sger

I VP 'rs

a. L;P s"Lj t z co^ d;+;orr/

Lue(\ - posed

ex)

I

g, = gaos t

t) kfi,ne
O pt'**^n 4.)

B,o,o'nds

J(+,9) =
I -f (+, g,)
< lcost I

.6€ GEI$. =
' lcos+l

Op+rgv,, 2 ) bS />U = ,cos itcnr+ {IV4 t e Eo,f, f

Ncr 4lq'cys ilctuded

O
Tactudod

a< t < I

9c@s t
- $r+,g.) l=
[9,-9*[i a ?
f-t,, 13 so

Ie1-9.1 = *

* 1 i[ ]tr/ay 
I

Dorn.:t'o'- iil 2D
Errnage oC ffitroren" 1i-

y(o) = I trJetr - posed ?

I

il

$, cosl - $z cost t

9o-9zl

lg,-y. I Vt € fo,rf

G^.rqy: krher (ioe tho I
Coonec+s 2 po,ra tS irr {h e

dorn:in- i3 iactudcd iq-

+hc dctrrazia,

ll^re I I arPuseWe,tt - ryose d So. {-= L
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Section 5.2, - eu[ers lr[e tho d

€uteils rnetho d i: cL .Jondameala.L flurhericq ( sche^^&

.{o s.tve lvPs-

So \v e n urne ric or I l^lr :

U,= J(+,g) ,

D isc retize +he tirne :

Szmpte forbl usiag

43t5 b t !(q)=d

Ti,vre Step At ?

( olne*hod)

nuaber o6

Srr b . in terva, (s

D b- q.
4,, , N*

AT A$ I+ A$ AI

*o +r tz {3 ercetera-...

jo. j = o,...
t'a a.

a,

tN
+ .1A,t

z) D is6 reti ze

6zsies! one;

y'(+) *

Notatioft I

wj = thc'
+ Luc set

a. P p ro rrfYtatl o\

U,At

5 
(+;)

.f C *;. w3) <+

€uters /ltsthod
* Uo=a, At= *
kf+r = W; . A+j(+;,wj)

$'(+) + nurhericq.( dl€Ferentiqtion
(n+r) po;n! Jornruta,

-$orr,uzrd diFFerea ce

S(+-Ar)-rr-l
At

/ g' (+; ) = ,i(+; , e (+;)) Vj * o,.., NI

(
\\ 

g(+5r a+) - y(+g) N .f (+; , 9(+;)) * tj i At c t;+ r

-At

oF
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(s - e+ )
6x) g'(t): g(+)-et

t) U)eL\ - posed ?

e) Flnd exaef Solrrtiorv

a) Apprv Gulers r4e*hod

03 t : I t .e(o) = Z
J

o.2 S

rhea t.|='l& =q

L
s-- e'

kJ;tr = Qj + At _l 
(+1, wj)

j=o,1,2.,3rt{

5or Ah=

0.2.S z

€rro.
Incte"SeS tl,.,y

S////////{/ 3) ,€ Ar =

V\Jo= L ln;tior <ondj*ion

D"fin" ;functt orv .f (+, g) =

6u\et's rnethod delio e A by

W, = \No. O.aS (5t*.,6.; 2, + o.zs J (0, a)
2 + o.2S (t) = 2, 15

Wa = (ltr ts cr.2s ( jC+,,rli)) = Z.zs + 0.25 -! 
(o'zs, z.zs)

= 2- + o.2s ( ,6/z.as - 
"o'zs 

)
= 2.q ql5

anA so or1, . ..

\.t)a = Z.'7oZ?" UJq = 2.St{85

U)r z

UJz z

[ttg =

bJt =

z.z s

1.'4 'llS

2.t ozr.

1 .Srl85

g (4') :
5(+r) :

9(+a) =

g(rr\ =

2.2\70
2.Lt?31

2.6 r{ b3

2.'7 t83



e*c.

I (+.)

1(+

Uon t ,d t-rom Lzs t Ti rn g

o

0.zS

0.5

0.'tS

6 utsr,. lfl e+hod ) tj= a"t;At ,

At = 
o-^/N-

Wo= o(

Wj*. = w; +At

I gC+;) -
error

gu6. dS , € cro c

9glglyiiu Wi I irrc, Q.bs e s as j in crc ?S e s

2̂.2s
2 .qq

2.10

2.o

2.2q4
2. t{'13 I

1.6rt63

Tn o*her

Q e onne trica I lnterpreta*ioru'.

rl

c*, *z

Er.o. is Linear

46q urngl q't€S over {irne

g, = J(+ry)

.1,

j=o'"'N

(J{+r.*;'il

Q; * t J(+;,,11 )
J(+3) t + g'(+;)

loors tike TAN6ENl

3 q.l +j

z (+) Li.,,e

'ffi

At
(i.le .T
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6 rto. Bound For 6u\ers Oletnod I

Theorern: ' S.rgpose -f e C Cp) , scr"tts.fies q-

Condit ion over b
' S*rppos e ,

gor M

Itt*i) -wt

I 9 ct; )

{he.tc exis+s M >O

V e f o, bf

Llpscrri t 71

t t {*,y) l. M

-ai -')

/

I z AtMr- aL

- w; I s

(u*e ( t- (+;

c (at)
t "*." oG co^verge edlt)

HOtu to t m p ro VQ the CDe+t"od ?

Bemzr t. t t) Appro ximor te snade 1 ( tv.e lV'P )
z) A Pp.oXimq.ta sotu+ion ( sol.rtlon qF ot f prox rnode t)
3 ) OJhal u,s di d Comp?re exo,c+ sotvtio/\ oF the

It ex&cl 'r rYrode ( tu; (h _ a ppro X. 

-- 

approX rnodet

Ho- 4o conpare rnodets ?

LOCA L TRUNCATION E RRO R

App"oxirncrbe

il.),1, r . Uri

fYlode(:

A, I (t (*i, -1))
t-.^+--z

;func+to,ru

rnethod, O=f

Co-rpar e IVP 2^d q,pprox. tnod€ \

g Sottrtion. o[ J' = J (+ r g )

g'(+j) = J (*j *5 (t))
tf mode ts a(e c to.se , theru

5l-i") - ye - Q 
(+j, y r.o))t o

lo C al trunCo.t'orr

€rror

For E ulcr,s



fl*, (a'r') g(+i*,) - ,(+r) Gen er4\ loca I

*r,rnc atlon erior
Tj is error

: O(a+)
2- p+ Sbdrr\rl o\

(n't)ptr !' OCt^,^)

At
;0 (rj,

u 
(+; >)

g' (+; )
At

Taylor Senes ra{\er

g(tl+At)= ar - 'ry ara

thzn Lagrzrrg t ln ttr go t>n t
erroa |etrn.

-[cx) = JCxo) . l_(rJ 6y-xo)
r!

$=S, \= {jtA+, Xo

- .f-YxIlO)) (x - xo) '
Vt.

-13

ljl-esL
z:

l-'tow *o lrnp^ve this fiethod ?
-> Use Tqylor,r Form.rla urith

j(+l *At) =

9(+i,,) - g(+;)---a-

g(+5) + y,(t;)A+ + atz 
\
/

(

rco\ttt , sti{.( 0(At)

( n > r)

,,,(f rr.>)a+

?
S?r;ro

MoRE terms

3(+,r,): r(+;')" U'(+r)lt r

€rror = g t"'''(t c-)) Af '

(n'r)l

g(+0,,) - y (+l) = U'(+) + U" (ri) t+ +. +

At zi

Ata *... * gtnt (+1) Ath + error
hl

A{^-'r .f''t(:r*))a+n
(ntr)1.

poryncmlCi'\

g (+; ) + J'( +,1)

->
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$(+j,,) - l({j\ .= f (+i, gt+;)) + 5'({i, gc+l))Ak

-rr 
?,t (n+r) |

Frorn Ta"ylor's Se.i e s

3 
(+r,) - 5 

(+i) - [J 
(+i ,J (+i) ) ]

At
* s (+, 5(r3)) O(u^

# (\, yt+;\)

T(")(+r,*.1) = J(*;,,ar) t 4 J'(ni,*j) r... +
G*Fr.^-,, C*,, w;)

uruh ctrot bou,rd O(A.t")

EX) yt= y- -t111, O 3 + < 2, y(o) = o.S. Apprv second Ta,ylor,s

rlre+hod Jor N=O
. J(U,+) = 5- ta + I

q J(gc*r, t)
rnetho{ is given by

, *l'(+; , *1 )

/l+

+ At J ( +;. tv;)

.rr d$/r5 . 'f

-The 
?nd {eytor ,s

(ulo =@
& { hJyr= w3

.f'(jc+),t) = 9'(
Use. c.hrin nrle

_f
./\
9t
I so

.[

then here J'(yC+lt)
becorncs 3 (y'+ ) '{ g' = g. t 1-' t

f '(yot,t) = J(y.+) r I +(-ar)

= (s - r? * ,)-.r
Wi+r t ul3 + o.? ( rj -trt 'r) 'o.r (,li -{i*t-:=l
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Zn4 ora"r

5,q Runge - kuttrt /Yle+r'od s

Thg goor\ is +o Vee p +\ e

(Ru"r.,, error bouna O

Re"otl : -Tlre tVP

a, c cur6r cY

(arn))
o€ Tr.s/lor'5'rne+hod

@ithoyI coorp\rt;^J J'(+rg) ,.,., 5t")(.*,g)

T(eptqce +he der;vcr'{rves

r) Use d i v;d ed d;Fgereoc e S /
+ La-grzngc iatetpolbn(

z) Tcr,gl orrs Jormulo
b To ac..y ( B. 

"o.r".

?rob le.n '. Fc+,gc+)) i

5u^ct ions

?

= !(xo \
(+o,go)

= Scro,go)

= f(+o,go)
)f,
Ps

Z-vz, iable s

J(x) =

J(* )/ (+,u')
L' j (+, q,)r
\ i(4',5)

6,4,(y,!gf

y,= JC+,g)
(n. +

(+o, go) (g'y")
l!

I s) f g(a) = o()

f n.,) et .porraut o.

(rer..+ed +r 5.g)

*1 r AT 2h, +; ate ",o "u )

Need TaylorS 
forrnrr 

t.. for 2'vzr. fuac+i 
oas

M
?t.

,*
' J,-z

(+o, y.) t:J.f
?-t.

dr # "F f.'rq,.Ls
Fer derlvc.trv e-

f (+,g) = J (+o, eo) " [3+ (+o,yo) (.r-+.) .*(+,,9.) (9-y.)]

H, (*,,e")( + -+o) (v - l")l2: 2:

ttlgt'rer - order terrrr5 : (i n<zr con.hrincr.tron- oF att P2r5>ts



Go*l: 
_

Recq,,Il:

S+zr{ qrirh -T (') (seco^d

f€,Ot"c e denv (r,.lnve 5

ocdc-r Tclylor's 'n.tr,oa )

Taglotrs fotrnula.
qJ (++b, gtc)

-Tb be eqv*l;

Co.tc luSiorr:

t'"-(*,$) = $(+ * *, 9*q)(+,s))

O(a*') ; (RI,(z)
Fka ,mf$,i*

1{r)(+,g\:5(+,9) +

= J{+,r1 . + (** r 5'(r\Bt )
= GoAu? a! (+,u, g,c)
=,!6+,e), + 4! . # 3,rt lrg

tetttr us I

= aJ ( + , 3\ *# G,v) W\ -rt -,*$ f- ,.1\ Cs<. *#
= a $ c*, g) r a.b 

)$/a+ t o,. )S/rg

(*=r) (u= o*/.) ( .-* g, . *l cn,s\)

A+
-i i '4+,g ) -r

{

*6 {t

RkZ is

rni d poin{

€uler,s , tuj., = u,i + A+J (+3, -i)
O ( a,+) so

RI(a lo,kes tzngen+ qt the

Runi1" - Kvtt a metho d

oF. or dar 2-
€uler 's ( +ragen +s )

ta {s

be+ter

I r" = d, ,/ ^( ,^"*'*

L-,-, = dj ' atf(+1|)r;- *i.\,.i)



9o, c'zrn exten d

rt\ethod s

O(at*) o(, X,;5 (+i,-.1)
J(tj. +, wj, !--)
f (+; * A*/. , uir ktl.)

5 (Si*r , W3 * t<r)
* +( k, r2La + 2t<3 t k9)

l-o t
At 2 ,il = -JT i Ldo: I

ty'o =

ka=
k3=
I('r =

ttJj+t 2 trJj

I cos 5 0a

+his metho d to gel hi gher erdcr

(nxq)

tlfrr : w, +

=,rj*

IT\o digi"6 6u\ers O( at' )

Tdeq. I Cr.vera-gc oF the stoPe5 /

* rs (+3,..,3 \ * f

A+/-- (-f (+;,ul;) t

6x)

r)

g'= 1e

lUetl posed ?

i€ r 5(o) = t

(- sin g)

[-si.,5\e L , [-sin5[a'I
I > O so i{s urel\ - gosed

2) Appr.,, Rt(2 gor genera.\ N ;

t^, j



ru;tr : u,j - + (f +l'. cos (q,.,if(*,*r))
\.,^N

o,r ?- hr;. *(f+]=* -,(ri* i1f{j"*cor(wp)

tr h^* do Guterrs , 
-Ta"ylors , D".l

tD3tr , dePe^di^g 6rt .j

.fY\u rti - Ste p 3 gc+ iolo

Rrnge -kutla a hzve lA .o"rr^on?
(oue srEP TAETHoD)

Srr tlJ3rt Sto^ W;, L(Jj-,, .-' etc.

Sectton 5 U - -lQur+is r€ ps l0etho d

So Srr,
me *hods .

Go ".\ of

6 uli, d j-,

Ctt rne*ho ds +he,$ ure

( on ty u,j)
msl{i -s+ep; tat<e rno}e

\
r uJ3'r ,... ) ?ol ats o frorn

lezrned c..e ONE SYE P

in$orrn a*'or\- t' 
F- g?s+ "

the &u+ure ( *;r,)

Generol € xpccss,oru

tljo : do t,., ,

tl3+r = a\o Aj
+ A* (b.

of or fn-s+ep rne,+hod

lllr? 4r, U2.42.r.., (l)m.r3 o(rrr-g

+ 4r Wi-r t 4z Wj-. + ... t a^ Uj.|1-o1

J(+5r,,w5J * 5,f(+gr,^,1) * Uaf ({j., ,rrri.,).r-..r b^f (rr.,.., r;

lJse q, ONE STgf rre*hod lo (al cule.t€ 'these

If bo : o r

15 bofo,
qYery {h rng on ty

Wirt o^ botn

dejends on gzst- (EYP[-tctr\
sides (tt"tPLrctr)



Rcc<rtt *hat

f irs t lest:

To,t( c o^\Y .l rrro poiots

of .f (+, g)
H..o , $or D^ exptici I

P(+) = J (*i-,

{-\o - +o ge t

P(-t)a+ = -

thQse rnull- Stef rns+noas ?

g'= S(+, g) U 
(o) = o(

J ::" 5 'r+) d + = Jlru'' sr+, ec*r) a+

* Jl $,alr* : -fcu) -S(^)

f{j.r - \ 1- {.i't
J *l'' u,(t)dr ) g (+3*,) - g(+;) = J '; Sc+rs ct)) u+ :,

g({;r,\ = gc+;')-Jf(+,T(t)d* s

\-ap
6cla.l; Rewche ai irlcrvql , [*'.]'t fr*, O*l

Ans-er La.g,>,.ge lntcrpo r:nl 
t 
J:j" Pctrat

fund o..nen ltt theorern oF cat cvlus/ so

*o cfe.qte *hq Lo..grzttgc, lnter polant

rne*tto c* use *9 , *g-,

, 5 (rr.,)) L, ro (t)
It

+-+j :
+.;'r'+;

[ *3+rj ri ('t: +;) d +

lt

[- *. - +r,l 
*1"

L a oJ+i

+ J (+1,g(*i) L,,,(+)
ll

- t |-li-r
aT (+-r3) +|f, 3

- * J:.,," (+ - +i-,) J+

ll
I t _ **j-l*,*,[_z J+j

t

.At (+-+;-)

I
A1J i';'

_t
= 2a+

-l _
za+

f.2. :.\
\ +i-, - 2+i*i-, * +j )

( {j-, **j)' * *r( t5 r r - *)'

o. . ConctusioA



Conolusi on :

',} ,t
+j

I lJ'r
Jri

g (+.., ) =

 ,

(+;) + J

(13) t

Jc+,

Pc+r

g) a*

d+

i CalculrJs is 
Jzs+

A+ is restrictcd

+ Oo tlme .step <onstrain\

Fo. i,mplicit r we trtorrld usc fJ , tJ-' , .l,i+r

fldzrns -

(Ylor*+o-

UI.;* = uJ . + (af (\,w;) - .F(+J.,,"*3-,))

This is 2 st.p Aa.rns - Bz.sh$-ort\ fl\e+hod O(a+")

6 xpt;.i + ffle+ ho d s \
o ( t+-) BashJ.r+x

I rnplt.i + ffle|hoOs ) so\ve a^ e.qvor,tr'on q? e2ch step Adarns'

O(a1m+r)



Suction 5 lC, Sl rb; Li+y, Ccinsistency, Co^, e.( ge^ce /
an A o[ hrl/ned cz I Sc h e rY1 e s

Kevs in a nvmeo'.ca,\ tche.flg- -

[ - srep VS rnu tti-sttp
Itnptt 

", 
t Vs E,xelici t

Qoal 9F {odcry- : determine iF our ournericc.\ sc,herne i s reo'lly

o.gprocching +hQ Solution o( ouc lVP.

Reco.tl

:
$' = $(t,v)
$(a) = c(

*z-t lV
Fo, nu/rreneq,l sc-h€nelz We. h>ve

2, types ef e rro r

- €rrgr in ihe mo dgL 2 we- q pp ro a.clr'

the tVP roit\ or nur!1 eneorl sch{rne
( uo.au Trv,.co.+don) (-Cf l*f)
grro. for the solu{ioa , discte+e

VS e)<a.cI so I u+ioq

( t*r - 5 r+,,\ l)
What 6hout Sto-b;Uity ?

f \ Stc.U;Li\V , consist e^cy t co^ve.gence lbr l-step me+hod s

B.""ft, For A l-step rne4yrod r Ldo = d
uJ;+r: uj * Ar0(+;,uy A+)

locot +r,rac. etror 'l

((a,+) 
=

J+r s (*il-_!si) - s (+i, e(+3). A+)
A+

De$;nit',on: A l-s{eP oodr€r{ccl s<.herne is CoN$S.I.EN{

if " l\e locq\ trunca.*ion er.or T, (a,+) goes 'Fo O es d* goer-+o Q"

aka 1li" llg,.t\ ra+)\ = o

be$inition: A l-s+qr ,rrc+trod i5 COITVERGENT it " +h. q.bsote+. e,fror

ol the 5olu*ion5 Socs *o erroi q.s A+ gocl +o O t'

at(a. (irn mcx Iri-g(t;)l=o
A+ro o: jr N
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EX ) Svro,.rr thal €u\er,s rnethod is consisten* znl co^veisen+

. wo=c( , A+= o-'/^t 
, w.iti= wjra+s(+J,*j)

' ai+, (a+) = t-[_!|,i. - J (*S, ,^,j)
A+

As A+ -r O ; g (tj r. a't) - $ (t,i) + 3'(+j) derivatrVe

A+

T3,r(1,+)) g'(+;\ - $ft; ,,.rr) * g'= f {+,y)
so Tr.,(ar) = O qqssrs_rE_N_r

' l*j - 5tt;) I t 1** lr, (ut'ti-">-,) L= tipschirz, M"qpFrbo!,nA
v 

\---1^.J)

As A+ -l O ; bec.omes O coNveR6eNl

+ Atl 1-step ffie+hods ws letrned ?(e both co.^lis-teat-
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